A wavelet transform has been widely used to investigate the characteristics of wave signals for a decade. However, only qualitative investigation of the spectrogram was made rather than a quantitative interpretation. On the other hand, an analytical closed-form representation of the wavelet transformed wave signal can be used as a basis function in estimating parameters using nonlinear least-squares optimization. We derived a quantitative closed-form equation directly from the analytical continuous wavelet transformation of a pulse with a Gaussian spectrum. A fundamental three-dimensional shape of a wavelet in the spectrogram was obtained, and the analytical form was compared quantitatively with numerical results.
I. INTRODUCTION
A wavelet transform is an integration procedure superposing a specific wavelet function over a given signal with scaling and shifting a mother wavelet. The wavelet expansion and transformation have been used widely in the signal processing since the wavelet expansion coefficients represent local temporal characteristics while Fourier coefficients provide the energy spread over all the time domain. [1] [2] [3] Many kinds of wavelets such as Haar, Mexican hat, and Morlet have been developed, and each wavelet was chosen for the specific purpose of the application such as signal and image processing, wave analysis, [4] [5] [6] [7] and material evaluation. [8] [9] [10] [11] [12] Traditionally, the evaluation of ultrasonic signals have been the most important and fundamental task in understanding the wave traveling in a medium, and the wavelet transform has been used for many years [13] [14] [15] to explain the evolution of waves forms. However, only qualitative explanation such as the center frequency and the distribution patterns of the wavelet spectrograms was achieved so far rather than quantitative investigation. 16 Numerically computed wavelet transformed signals have been often used for investigating unknown parameters. [17] [18] [19] However, to estimate parameters using nonlinear leastsquares estimation 20 or to perform the optimal design of experiments 21 with least estimation errors in terms of D-, A-, E-, and T-optimality, the analytical closed-form solution of the wavelet transformed signal has to be obtained. To meet the needs in the aforementioned areas, we derived a closedform solution of the acoustic signal transformed to wavelet domain, and verified the derived equation with numerical examples.
II. THEORY
Let an acoustic echo have the characteristic of a Gaussian distribution in the frequency domain with a mean value and a standard deviation , of the form
where x͑͒ is the Fourier transform of a pulse x͑t͒. It can be easily shown that c = and B =2 so that the magnitude of the spectrum has a center frequency c and a bandwidth B in the form of
and the inverse Fourier transform is defined as
Substituting Eq. ͑2͒ to Eq. ͑3͒ and integrating, we have
With the time shift t c from the origin, a waveform which has a Gaussian spectrum signal is expressed as
Using Eq. ͑5͒, a Gaussian-spectrum pulse signal with the spectral characteristics of the center frequency c , the bandwidth B, and the time delay t c can be represented conveniently. A wavelet shown in Fig. 1͑a͒ is made from the spectral distribution in Fig. 1͑b͒ where the center frequency f c is 6.0 MHz, the bandwidth B f is 4.0 MHz, and the time delay t c is 2.5 sec.
A. Continuous wavelet transform
The continuous wavelet transform of a signal x͑t͒ is defined in a convolution form as
where a,b ͑t͒ is the complex conjugate wavelet function, a is the scaling ͑dilation͒ factor, and b is the translation factor. a,b ͑t͒ has the form of
͑7͒
In Eq. ͑6͒, a,b ͑t͒ corresponds to the function of e jt in the Fourier transform. The existence of an inverse transform is confirmed only when the admissible condition is satisfied as
can be written in terms of the corresponding spectrotemporal parameters such as time and frequency which represent the characteristics of the signal more intuitively in the shape of
B. Morlet wavelet and transformation
The Morlet wavelet has a Gaussian distribution in the frequency domain, 22 and it has been known that the wavelet gives more accurate results than other wavelets since the shape of the ultrasonic excitation input is identical with the shape of the wavelet basis function. Therefore, in this paper, the Morlet wavelet is selected for both excitation function and wavelet basis. The Morlet wavelet is defined as
where 1 is the shift in frequency, and it is recommended to keep the value of ͐͑t͒dt less than 10 −6 . To keep the integration value less than the threshold, several empirical values of 1 have been proposed. 2 For the convenience, we adopt 1 =2. This choice makes it easy to convert a unit from the scale number a to the engineering frequency . The scale value a is inversely proportional to the frequency as
and has the unit of radian per second. Substituting Eq. ͑11͒ to Eq. ͑7͒, the wavelet function can be expressed in terms of and as
͑12͒
Setting the time shift t c to be zero in Eq. ͑5͒ for the simplification, the continuous wavelet transform coefficients of the NDE signals which has the Gaussian spectrum can be expressed as
Introducing a new variable as
and substituting Eqs. ͑12͒ and ͑14͒ to Eq. ͑13͒, we have
where
͑16͒
Rearranging the terms in Eq. ͑16͒, the coefficient is simplified as
where Frequency, f, (MHz) Magnitude, (arbitrary units) 
The integration in Eq. ͑17͒ can be carried out using the known transformation
Then, Eq. ͑17͒ is simplified to the form of
By substituting ␣, ␤, and ␥ to Eq. ͑22͒, the wavelet transform of an echo is expressed as
The wavelet coefficients are complex numbers, and the amplitude can be obtained by taking the absolute value as
͑27͒
Equation ͑27͒ represents the time-frequency amplitude surface of the wavelet coefficients by using the Morlet wavelet as the mother wavelet and the input simultaneously. Along the vertical ͑temporal center line͒ axis, the value shows symmetry such that
However, along the horizontal ͑frequency center line͒ axis, the coefficient has asymmetry as
Since we have chosen 1 =2, and the variable can be substituted for the frequency f, Eq. ͑27͒ can be finally expressed in terms of f = / 2 and B f = B / 2 as
͑30͒
The temporal resolution of the wavelet signal W͑ , f͒ sliced at a fixed frequency f ‫ء‬ can be computed from the definition as
where ʈ · ʈ 2 is the L 2 -norm operator and k is a constant. By substituting Eq. ͑30͒ to Eq. ͑31͒, we have a closed-form expression for the temporal width as
The value in Eq. ͑32͒ approaches to zero when the frequency f ‫ء‬ or the bandwidth B f or both become larger.
III. EXAMPLES A. Ultrasonic nondestructive signals
The pitch-catch and pulse-echo tests are the most popular techniques for nondestuctive evaluation by ultrasonic sources, and the reflected signal can be expressed in the form of
where s͑t − t 0 ͒ is the front face reflection, t 0 is the first arrival time, s͑t − t i − t 0 ͒ are the backside reflections, r i are the reflection coefficients, t i are the time delays, and the subscript i denotes the index set of the reflected waves. In the pulseecho mode, the time delay can be written as
where h is the thickness of the plate, and c is the velocity of the ultrasonic wave in the tested medium. The temporal center and width of a random signal x͑t͒ can be expressed as the first moment and the second moment around the center.
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B. Comparison of wavelet coefficients
As shown in Fig. 1͑a͒ , a synthetic signal which has the center frequency, f c = 6.0 MHz and bandwidth, B f = 4.0 MHz was generated using Eq. ͑5͒. The magnitude of the frequency components is shown in Fig. 1͑b͒ . The continuous wavelet transform of the wave form in Fig. 1͑a͒ can be obtained analytically by calculating Eq. ͑30͒. On the other hand, we can generate wavelet transform values by performing the Morlet wavelet transform numerically as described in Eq. ͑6͒. Figure 2 shows the continuous wavelet coefficients of a pulse presented in Fig. 1͑a͒ . The amplitude in Fig. 2͑a͒ is computed from Eq. ͑30͒ directly while the result in Fig. 2͑b͒ is calculated by numerical integration expressed in Eq. ͑13͒. The comparison of the coefficients obtained analytically and numerically shows a good agreement in the shape and the amplitude with negligible level of noise.
C. Ultrasonic signal from a wideband transducer
We obtained a set of ultrasonic signal in the experimental configuration as illustrated in Fig. 3 . A focused transducer which has the center frequency f c = 6.0 MHz and the band-width B f = 4.0 MHz was used to send an echo and to record waves as shown in Fig. 1 , and an aluminum specimen of 9.54 mm in thickness was mounted on the supports immersed in the water. The ultrasonic pulse was sent and received in the pulse-echo mode. As shown in Fig. 4͑a͒ , the received signal consists of waves reflected at the front side and the backside. The polarity of the second echo is opposite to the first echo since the backside of the specimen is free in water. The amplitude of the wavelet coefficients is plotted in Fig. 4͑b͒ by the numerical wavelet transformation. From the shapes of the plot, it is verified that the contour of Morlet wavelet coefficients has the sharp top and obtuse bottom in the spectrogram, forming a droplet like shape. The frequency of the largest amplitude in the spectrogram matches with the center frequency of the ultrasonic transducer, and the wideband signal shows the corresponding wide width along the frequency axis.
As shown in Fig. 5 , the sections at different frequencies show different distributions. The temporal widths at 9.0 MHz are sharper than other peaks at other lower frequencies resulting in an improved temporal resolution due to the asymmetry aforementioned.
D. Randomly arrived signal
Cepstrum and other different techniques such as correlation method and Hilbert transformation have been widely used to decide the arrival times of ultrasonic signals. 25 However, those methods work poorly for the echoes that have irregular time differences to adjacent echoes, and the magnitude of the each echo cannot be obtained simultaneously in the time-of-flight analysis. An ultrasonic signal shown in Fig.  6͑a͒ was generated by superposing ultrasonic echoes with the magnitudes of 1.0, 0.8, 0.6, and 0.4, and the echoes are centered at 3.0 sec, 6.0 sec, 6.8 sec, and 7.8 sec, respectively.
The wavelet transformed spectrogram of the time domain signal in Fig. 6͑b͒ was utilized for the nonlinear fitting to estimate the parameters such as magnitudes and times-offlight using the analytical solution in Eq. ͑23͒ as a kernel function that represents the wavelet coefficients of an echo. In particular, the separable nonlinear least-squares technique 26 was used to successfully estimate the unknown parameters. In Fig. 6͑c͒ , the result of the wavelet based nonlinear fitting ͑WB͒ is compared with the cepstrum result.
IV. CONCLUSIONS AND SUMMARY
Although wavelet transformation has been widely used, the time-frequency representation has been interpreted only qualitatively. In this paper, a spectrotemporal representation of a typical ultrasonic pulse is derived and verified. The derived closed-form equation represents the water drop shape of the acoustic pulses in the wavelet domain. The quantitative comparison of the peak frequency and bandwidth verifies the wavelet representation of the derived closed-form equation. The closed-form equation is readily utilized via nonlinear least-squares optimization for estimating the number, temporal locations, and amplitudes of waves which might travel along different reflections and sources. 
